Introduction
The wave steepness for individual waves as well as the spectral wave steepness for a sea state are parameters which are frequently used to represent the random wave characteristics at sea, relevant e.g. for a design of offshore and coastal structures. The wave steepness for individual waves is defined in terms of the wave height H and the wave period T, while the spectral wave steepness is defined in terms of the significant wave height H s and the mean zero-crossing wave period T z (or the spectral peak period T p ). Various aspects of wave steepness statistics, also jointly with the wave height, have been discussed by Myrhaug and Kjeldsen (1984) , Myrhaug and Kvålsvold (1995) . Further details of the relevance and the literature on wave steepness statistics are given in e.g. Myrhaug and Fouques (2007) . The spectral wave steepness is also a random variable and has been addressed in e.g. Guedes Soares et al. (2001) , Bitner-Gregersen and Guedes Soares (2007) , Myrhaug and Fouques (2008) . Guedes Soares Oceanologia (2018) 60, 187-192 KEYWORDS Wave steepness; Spectral steepness parameter; Phillips spectrum; JONSWAP spectrum; Joint frequency tables; Wave statistics Summary This paper provides some probabilistic properties of the deep water wave steepness and the spectral wave steepness by using distributions based on data from the Norwegian continental shelf. Here the average statistical properties represented by the mean value and the standard deviation of the two steepness parameters are considered. Examples of results for the wave steepness are given for a Phillips spectrum and a family of JONSWAP spectra for wind sea, and for sea states described by a joint frequency table of significant wave height and mean zero-crossing wave period for combined wind sea and swell. The results for the spectral wave steepness are obtained by using a joint distribution of significant wave height and spectral wave steepness, and the average statistical features are given for joint frequency tables of significant wave height and mean zero-crossing wave period from three locations on the Norwegian continental shelf. © 2017 Institute of Oceanology of the Polish Academy of Sciences. Production and hosting by Elsevier Sp. z o.o. This is an open access article under the CC BY-NC-ND license (http:// creativecommons.org/licenses/by-nc-nd/4.0/). et al. (2001) analyzed the statistics of total ship losses in the North Atlantic and found that areas with high mean wave steepness coincided with areas with many accidents. Bitner-Gregersen and Guedes Soares (2007) used five databases from the North Atlantic to investigate the uncertainty of predicting the characteristic wave steepness from joint distributions of H s and T z , in addition to give a review of the literature. Myrhaug and Fouques (2008) provided a joint distribution of H s and spectral wave steepness defined in terms of H s and T p based on data from the northern North Sea.
In the present paper, some average probabilistic properties of the deep water wave steepness and the spectral wave steepness are considered. The average statistical properties are given in terms of the mean value and the standard deviation. The Myrhaug and Fouques (2007) wave steepness distribution is used to estimate the statistical values of the wave steepness for individual waves within a sea state; i.e. for a given value of the spectral wave steepness for a sea state. Examples of results are given for a Phillips spectrum, for a family of JONSWAP spectra, and for sea states described by a joint frequency table of H s and T z . The statistical properties of the spectral wave steepness defined in terms of H s and T z are provided by using a joint distribution of significant wave height and spectral wave steepness, obtained by transforming the Mathisen and Bitner-Gregersen (1990) joint distribution of H s and T z .
The paper is organized as follows. The introduction is followed by Section 2 giving the background by presenting the Myrhaug and Fouques (2007) wave steepness distribution (Section 2.1) and the joint distribution of significant wave height and spectral wave steepness (Section 2.2). Section 3 presents examples of estimates of wave steepness (Section 3.1) and spectral wave steepness (Section 3.2). Summary and conclusions are given in Section 4.
Background
2.1. Myrhaug and Fouques (2007) pdf of wave steepness According to Myrhaug and Fouques (2007) the probability density function ( pdf) of the normalized deep water wave steepness s ¼ S S À1 rms (where S = H/((g/2p)T 2 ) is the wave steepness) is given by the following combined lognormal and Weibull pdfs pðsÞ ¼
Here m =À0.257, s = 0.523 are the mean value and the standard deviation, respectively, of lns, and z = 0.84, u = 1.40 are the Weibull parameters. Furthermore,
is the mean zero-crossing wave period, m n ¼ R 1 0 v n SðvÞdv; n ¼ 0; 1; 2; . . . are the spectral moments, S(v) is the single-sided wave spectrum, v = 2p/T is the wave frequency, and g = 9.81 ms À2 is the acceleration of gravity. Thus, the pdf of s is strictly a conditional distribution of S for a given sea state, i.e. for given values of H s and T z . Consequently, statistical values of the wave steepness can be obtained for a given sea state. The data upon which Eq. (1) is based, were taken from a larger database measured with the Waverider buoys located at Utsira, Halten and Tromsøflaket during the period 1974-1978: see Myrhaug and Fouques (2007) and the references therein for more details.
In the following the expected (mean) value, E[S], and the variance, Var[S] = E[S 2 ] À (E[S]) 2 of the wave steepness will be considered. Thus, this requires the calculation of E[s n ] for n = 1 and n = 2, i.e.
Here (Bury, 1975 )
where F is the standard Gaussian cumulative distribution function (cdf)
Furthermore (Abramowitz and Stegun, 1972 ; Chs. 6.5 and 26.4)
where G(r, t) is the incomplete gamma function; G(r, 0) = G(r) where G is the gamma function, and G(r, 1) =0. Then, by using Eqs.
(1)-(5), the results are
Var½s ¼ 0:238:
This gives the ratio between the standard deviation of the wave steepness and the mean value of the wave steepness, i.e. the coefficient of variation
with the standard deviation to the mean value ratio of S equal to 0.559.
Joint pdf of significant wave height and spectral wave steepness
Here the joint pdf of H s and s m is obtained from the joint pdf of H s and T z given by Mathisen and Bitner-Gregersen (1990) as summarized in Appendix B, representing wave data from the three locations Utsira, Halten and Tromsøflaket on the Norwegian continental shelf. The Utsira data are the same as those referred to in Section 3.
The joint pdf of H s and s m is obtained from Eq. (B1) by following the same procedure as in Myrhaug and Fouques (2008) 
where m sm and s 2 sm are the mean value and the variance, respectively, of ln s m , given as
À2m;
(11)
where m = m t and s = s t are given in Eqs. (B4) and (B5) (Bury, 1975) 
R ¼ e s 2 sm À1 1=2 :
3. Examples of estimates of wave steepness and spectral wave steepness
Estimates of wave steepness
Estimates of the wave steepness will now be exemplified by using a Phillips spectrum, by a family of JONSWAP spectra, and by a joint frequency table of H s and T z . First, the Phillips spectrum is given as (see e.g. Tucker and Pitt, 2001)
where a = 0.0081 is the Phillips constant, v p = 2p/T p is the spectral peak frequency, and T p is the spectral peak period.
Then, according to the definition of the spectral moments m n , H s =T 2 z ¼ m 2 =ðp 2 ffiffiffiffiffiffi m 0 p Þ ¼ g ffiffiffi a p =p 2 ¼ 0:0895, and thus from Eq. (8)
Then, in order to give an impression of the variation of the parameter, the mean value plus and minus (AE) one standard deviation is provided; given by 
Here g is the spectral peakedness parameter as given in Appendix A. It should be noted that g = 1 corresponds to the Pierson-Moskowitz spectrum. It is also noticed that the wave steepness increases as g increases. Furthermore, it appears that E[S] is larger for the Phillips spectrum than for the Pierson-Moskowitz spectrum which is due to that the Phillips spectrum contains waves with higher frequencies than the Pierson-Moskowitz spectrum, i.e. overall these sea states contain steeper waves than those described by a Pierson-Moskowitz spectrum. However, E[S] for g = 3 and g = 5 are larger than for the Phillips spectrum, reflecting that overall these sea states contain steeper waves than those described by a Phillips spectrum. One should also note that all these mean values are lower than the wave steepness values in the range 0.05-0.13 as given in Myrhaug and Kjeldsen (1986, Fig. 3 ), belonging to the same database upon which the wave steepness distribution in Eq. (1) is based. However, these latter values are associated with steep and high waves in the database (see Myrhaug and Kjeldsen (1986) for more details).
Till now wind sea has been considered. However, if swell and combined wind sea and swell are considered then other spectral formulations have to be used, e.g. the Torsethaugen spectrum (Torsethaugen, 1996) , or to use a joint frequency table of H s and T z given in Mathisen and Bitner-Gregersen (1990) , which represents data obtained by a Waverider buoy covering the period 1974-1986 at the Utsira location on the Norwegian continental shelf. Thus, these data and the data upon which the wave steepness distribution are based represent partly the same area and period. Now estimates of E[S] according to Eq. (8) and the mean value plus and minus one standard deviation are given in Table 1 for the sea states H s , T z corresponding to those for which there are data in Mathisen and Bitner-Gregersen (1990) . The results in Table 1 exhibit the following expected features: E[S] decreases as T z increases for a given value of H s , i.e. as the spectral wave steepness decreases; E[S] increases as H s increases for a given value of T z , i.e. as the spectral wave steepness increases. It is also noted that the values of the wave steepness cover the wide range 0.0054-0.125.
Estimates of spectral wave steepness
Here estimates of the spectral wave steepness are exemplified by using the joint frequency tables of H s and T z from the three locations Utsira, Halten and Tromsøflaket given by Mathisen and Bitner-Gregersen (1990) . First, E[H s ] is calculated according to Eq. (13) and the Weibull parameters in Table B1 for each class of H s and T z at the three locations. Second, E½s m jE H s ½ and the coefficient of variation are calculated according to Eqs. (14) and (15), respectively. The results are given in Table 2 , showing that there are small differences between the results obtained for the three locations; the values of E[H s ] are in the range 2.11-2.34 m, and the mean value of E½s m jE H s ½ is about 0.045 with the standard deviation to mean value ratio of about 0.32. Overall, one should note that this value of E½s m jE H s ½ is lower than the spectral wave steepness values in the range 0.048-0.082, as given in Myrhaug and Kjeldsen (1984) , which are based on data representing partly the same area and period as those from Mathisen and Bitner-Gregersen (1990) . However, these latter values represent sea states which are selected based on that they contain at least one steep and high wave (see Myrhaug and Kjeldsen (1984) for more details). 
Conclusions
Some average probabilistic features of the wave steepness and the spectral wave steepness in terms of the mean values and the standard deviations are presented. The results are exemplified by using distributions representing deep water waves based on data from the Norwegian continental shelf.
Estimates of the wave steepness are obtained by using the Myrhaug and Fouques (2007) distribution together with a Phillips spectrum and a family of JONSWAP spectra for wind sea, and for combined wind sea and swell the sea states are described by a joint frequency table of H s and T z . For wind sea the mean values of the wave steepness are in the range 0.031-0.046; for combined wind sea and swell the mean values are in the wider range 0.0054-0.125. For both wind sea as well as wind sea and swell the standard deviation to mean value ratio is 0.56.
Estimates of the spectral wave steepness are obtained by using a joint distribution of significant wave height and spectral wave steepness. The results are exemplified for joint frequency tables of H s and T z from Utsira, Halten and Tromsøflaket on the Norwegian continental shelf. There are small differences between the results for the three locations; the mean value of the spectral wave steepness for given values of the mean significant wave height in the range 2.11-2.34 m is about 0.045, with the standard deviation to mean value ratio of about 0.32. ln T z Àm t s t 2 " # ;
where m t and s t are the mean value and the standard deviation, respectively, of lnT z , given by m t ¼ a 1 þ a 2 H a 3 s ; (B4)
Here the same values of the parameters as used by Mathisen and Bitner-Gregersen (1990) are adopted; see Table B1 . These data represent wave conditions at three deep water locations on the Norwegian continental shelf. The data were obtained by Waverider buoys located at Utsira (1974 -1986 ), Halten (1974 -1984 ), Tromsøflaket (1977 -1983 covering the years given in the parenthesis; see Mathisen and Bitner-Gregersen (1990) for more details. As mentioned in Section 3, these data and the data upon which the wave steepness distribution is based, are from the same locations and represent partly the same periods. 
